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Introduction

The need to represent information about who knows what in intelligence computer prograins was
the original motivation for this work. For example, a program that plans trips must know that
travel agents know who knows the availability of rooms in hotels. An early problem is how to
represent what people know about other people’s knowledge of facts, and even the knowledge of
propositions treated in this paper presented some problems that were not treated in previous
literature.

We started with the following well known puzzle of the three wise men: A king wishing to know
which of his three wise men is the wisest, paints a white spot on euch of their foreheads, tells them
at least one spot is white, and asks each to determine the color of his spot. After a while the
smartest announces that his spot is white reasoning as follows: "Suppose my spot were black. The
second wisest of us would then see a black and a white and would reason that if his spot were black,
the dumbest would see two black spots and would conclude that his spot is white on the basis of the
king's assurance. He would have announced it by now, so my spot must be white."

In formalizing the puzzle, we don't wish to try to formalize the reasoning about how fast other
people reason. Therefore, we will imagine that either the king asks the wise men in sequence
whether they know the colors of their spots or that he asks synchronously, "Do you know the color
of your spot” getting a chorus of noes. He asks it again with the same result, but on the third
asking, they answer that their spots are white. Needless to say, we are also not formalizing any
notion of relative wisdom.

We start with a general set of axioms for knowledge based on the notation, axioms, and inference

rules of propositional calculus supplemented by the notation Sxp standing for, "Person S knows
proposition p.” Thus S gxSox(S%xp ) can stand for, “The third wise man knows that the second

wise man knows that the first wise man does not know that the first wise man's spot is white”.

We use axiom schemata with subscripted S's as person variables, subscripted p's and ¢'s as
propositional variables, and a special person constant called "any fool" and dencted by 0. It is
convenient to introduce “any fool" because whatever he knows, everyone knows that everyone else

knows. "Any fool” is especially useful when an event occurs in {ront of all the knowers, and we
need sentences like, "S| knows that Sg knows that S5 knows etc.”. Here are the schemata:

KO0: Sxpop; What a person knows is true.
K 1: 0x(Sxpop); Any fool knows that what a person knows is true.

K2: 0x(Cxpo0xSxp); What any fool knows, any fool knows everyone knows, and any fool knows
that.

K 3: 0x(SxpASx(p=¢)>Sxq); Any fool knows everyone can do modus ponens.
There are two optional schemata K4 and Kb5:
K4: Ox(Sxp>SxSxp); Any fool knows that what someone knows, he knows he knows.

K 5: Ox(1Sxp>8x1Sxp); Any fool knows that what some doesn’t know he knows he doesn’t know.




If there is only one person S, the system is equivalent to a system of modal logic. Axioms K1-K3
give a system equivalent to what Hughes and Cresswell [1] called T, and K4 and K5 give the
modal systems S4 and S5 respectively. We call K4 and K5 the introspective schemata.

lt»ls convenient to write S§p as an abbreviation for SxpvSxp; it may be read "S knows whether
P

On the basis of these schemata we may axiomatize the wise man problem as follows:

CO: p1rpanps

Cl: Cx(p | vpovps)

C2: Ox(S | 8ponS |8p3nSo8p | AS98p3nS 38p | AS 38 po)

C2: Ox(S98S |xp )

C3: 0x(S 98Soxp9)

C4: 15 8p

C5: 1S98p9

From K0-K3 and C1-C5 it is possible to prove Sgxpg. CO is not used in the proof. In some

sense C4 and C5 should not be required. Looking at the problem sequentially, it should follow
that §| does not know p initially, and that even knowing that, So doesn’t know po.

In order to proceed further with the problem, model theoretic semantics is necessary. In what
follows, however, we will deal with the puzzle of unfaithful wives (cf. §4) rather than that of three
wise men, because the latter may be considered as a simplified version of the former. To do so we
must extend the system K5 to KT'5 in which one can treat the notion of time as well. We will use
slightly different notations in the following sections since they are convenient to denote tima and
have similarity to those used in nrdiary modal logics.

We briefly describe the Hilbert-type formulation of the system K75 in §2, and its model theory in
§3. Finally, we will sketch the outline of the solution to the puzzle of unfaithful wives in this
formalism in §4. The reader is referred to Sato [2] for details.

The Formal Systems

Basic Language

The basic language L is a triple (Pr, Sp, N*), where

Pr-PIt P2: vee
Sp = Sg» Spv e

N*=1,2, ...



,
g

are denumerable sequence of distinct symools. N* is the set of numerals denoting the

corresponding positive integers. Sg € Sp will be denoted by 0 and will called any fool.

Languages
A language L is a triple (P, Sp, T), where

Pr ¢ Prj
SpcSps
T ¢ N*.

Elements in Pr, Sp and T denote propositional variables, persons and time, respectively.

arguments henceforth will, unless stated otherwise, always be relative to a language L.

Well forined formulas

The set of well formed formulas is defined to be the least set Wff such that:
W1 LeWff,
(w2) PrcWff,
(W3) o, B e Wffimplies =af € Wff,
(W4) SeSp, teT, a € Wffimplies Sta € Wff .
The symbols L and > denote false and implication, respectively.

We will make use of the following abbreviations:

aop = af read "« implies g"
o = a2l read "not «”
Tenl read "true”
av = Jaf read "« or 8"
anf = {aop) read "a and g"
(St = Sta read "S knows o at time ¢"
(This corresponds to % in §1.)
<St>a = [Stina read "a is possible for § at time ¢
{St}a = [Stlav[St]a read "S knows whether « at time ¢

(This corresponds to § in §1.)
For any a € Wff, we define Sub(a) ¢ Wf inductively as follows:
(S1) o« € Pru {1} => Sublo) = {a},
(52) a=f>% => Suba) = {a}u Sublp) u SubY),
(5%) o = [St}p => Subla) v Sukp).

We say f is a subformula of « if § € Sub(a).

Our
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Hilbert-iype system
We now define the modal system KT5. The axiom schemata for KT5 are as follows:

(A1) a0

(42)  o2(p>a)

(43)  (2=(B37)) > ((«=p) > (7))

(A1)  [Stlooa

(45)  [0tda o [CL)St)a

(A46)  [StXoop) o ([SudaolSuls), wheret s u
(A7 UStla o (81 1 [St)x

We have the following two inference rules:

(R1) « B
_____ m—m—==(modus ponens)
¢
(R2) o
___________ ([St)-necessitation)
(St

We write b o if there exists a proof of a. For any I' ¢ Wff we write T I o if I By 2 (Boa( ...
(By>a) ... ) for some 81, ..., B, € 1. T issaid to be consistent tf I' ¥ L.

Kripke-type Semantics

Definition of Kripke-type models
Let W be any non-empty set (of possible worlds). A model M on W is a tripie
W;r, v>,

where

r:Sp x T ——— W X W
and
9 Pru {1} ——— oW,
Given any model M, w- define a relation = ¢ W x Wff as follows:
(E1) ae€ePru{l} = wkeaiffwe ),
(E2) oa=082" =>wkiffrotwkEpforweE"?,
(E3) o=I[5t]8 => w = iff for al w’ € W such that

(w, w')ens, 1), w =p.

We will write "w &= o (in M)" if we wish to make M explicit. A formula « is said to be valid in




M, denoted by M = «, if waforallv e M. (Byw € M, we mean w € W) Furthermore, we
will employ the following notation:

w = 1 (read "w realizes T") iff we « for allw € T
A model M is a KT 5-model if
(M1)  rL)= g2,
(M2) 0, ) 2n(S, NforanySeSpandteT,
(M) (S, u)2r(S, t)forany§ €5p and u, t € T suchthat u s ¢,

(M4) (S, 1) is an equivalence relaticr for any § € Spand 1 € T.

A set T of well formed formulas is sald to be realizable If there exists a KT-5 model M and w €
M such that w = T,

Soundness of KT5-models
We now wish to show that each formula provable in KT5 is valid in any KT 5-model.
Theorem |. (Soundness Theorem) If i~ « then M & o for any KT5-model M.

Corollary 2. (Consistency of KT5) L Is not provable in KTS.

Completeness of KT5-models
As for the completeness of KT5-models, we have the following theorems.

Theorem 3. (Generalized Completeness Theorem) Any consistent set of well formed formulas is
realizable.

Theorem 4. (Completeness and Decidabllity Theorem) For any a € Wff, o is a theorem of KT5

if and only if « is valid in all KT5-mocels whose cardinality s2™ , where n is the cardinality of
the finite set Sub (o) v {1}.

The Puzzle of Unfaithful Wives
We begin by explaining the notions of knowledge base and knowledge set, which are fundamental
for our formalization of the puzzle of unfaithful wives.
Knowledge set and knowledge base

Let L be any language. We will make the notion of the totality of one’s knowledge explicit by the
following definitions:

Definition. K ¢ Wff isa knowledge set for St If K satisfies the following conditions:

(KS1) K is consistent.

S i o e e oy, e

L
|



(KS2) K =[S0)K, where K = {alK F a}.
(KS3) If K F[Stlay v ... vISth, then K | o; for some i (1 s i s n).

Definition. B ¢ Wff is a knowledge base for St if B satisfies the follewirig conditions:

(KB1) B is consistent.

(KB2) B ¢ [St)B, where B = {«|B F o},
(KB3) If BFI[Stdayv ... vI[Sthy, then B | o; for some i (1 < i s n).

By (KS2) (or (KB2)) we see that any element in K (or B, resp.) has the form [Stkx. It is easy to
see that if B is a know!edge base for S then [S¢)B is a knowledge set for St.

Let I' ¢ Wff be consistent. We compare the following three conditions.

(1) IfT FathenT F a(Stla.
(20 T FISthayv ... v (St then T  « for some i (1 s i s 7).
(3 IUTF{Stjathen TFaorTF na.

Then we have the following
Lemma 5. (1), (2) and {2) are equivalent.

We now ctudy the semantical characterization o’ knowledge sets. Let M = <W; r, v> be any
KTE-model. Forany w € W and (S, ) € Sp x T, we define K, (St) ¢ WS by:

K, (S1) = {[Stha | w = [St]a}.

Since, as we will see below, K, (S¢) is a knowledge set for S¢, we call it the knowledge set for St at
w.

Lerima 6. K, (S¢) is a knowledge set for St.
Let K be a knowledge set for St. We say w € M characterizes K if K = K (st).

Theorcin 7. Any knowledge set is characterizable.

Inforinal presentation of the puzzle

The puztle of unfaithful wives is usuaily stated as foliows:

There was a coun'ry in which one million married couples inhabited. Amiong these one million
wives, 40 wives were unfaithful. The situation was that each husband knew whether other men's
wives were unfaithful but he did now know whether his wife was unfaithful. One day (call it the
first day' “he King of the country publicized the following decree:




(i) There is at least one unfaithful wife.
(ii) Each husband knows whether other men's wives are uanfaithful or not.

(iit) Every night (from tonight) each m27 must do his deduction, based on his
knowledge so far, and try to prove whether his wife is unfaithful or not.

(iv) Each man, who har succeeded in proving that his wife is unfaithful, must chop
off his wife’s head next morning.

(v) Every morning each man must see whether somebody chops off his wife's head.

(vi) Each man's knowledge before this decree is publicized consists only uf the
knoledge about other men's wive's unfaithfulness.

The problem Is "what will happen under this situation?" The answer is that on the 41 day 40
unfaithful wives will have their heads chopped off. We will treat this puzzle in a formal manner.

Formal treatment of the puzzle

We w:ll treat this puzzle by assuming that there are & (21) married couples in the cuuntry. Then
the language / = (Pr, Sp, T) adequate for this puzzle wili ce:

Prefpr....;ab
Sp =10, Syv.... S},
T «N*.

where §; denotes i* husband, p; means that §;'s wife is unfaithful and ¢ € T denotes ¢th day.

Let {£}* = {+,-}* denote the k-fold cartesian product of the vector space GF(2) = {4 (=1), — (=
0)} with addition ®. We define

ne(a)f mms WEF

koo
by n(ss...e;) = _/\‘p ;‘ , where v; € {£} and p*(p 7) denotes p; (1p;, resp.). We put II =
=

k
Image(n) and Iy = II-{ A p 7} . We also use n «0 denote arbitrary clement in II. Now, let T
i=|

denote what the King publicized on the first day, and B(S;n) (i « 1, ..., k) denote 2 knowiedge
base for $;n under the situation n = n{e;...¢;) € I[Ig. Let us put:



T f B(Sn)ra
[Bp(Sin) o= { e
L otherwise

and

T if B (Sn)Fa
[Balsm) b a 1= { i
1l otherwise

where a € Wff. We also put (k) = {I,...,2). Then, as a formalization of the puzzle, we
postulate the following identities:

B (S 1)=[s,1)T v [S‘l]p;f |j » 1,1 € ()}, where nen(ey, ..., ) E¢n,i, 1)
B (Sn+1)alSa+1]B(Sm) v {[S‘ml][Sjn]pj | Bp(Syn) + Pyje (b))
u{lS;n+1] 1 [Sjn]pj | Bn(Sjn) K Pyl € ()} Eqn, i, n+1)

k
I {[0|]vlp,-}u{[on{s,l}pju “ i, Le(k), | er)
in

u{l01Xn = {[B(S;m) F py1 2 O+ 1XSmIp)) Inelly, i € k), neT)
u{l01Xn o ([B(S;n) F p;1 2 [On+117(Sndp) In eIl 1 € (k), n €T}
V{lO1K[Bp(Syn) F a2 [0iXn 2 [S;nla)) | n € I, 1 € (), « € WS} Eq(%)

Since the meta-notions such as knowledge base and provability () cannot be expressed directly in
our language, we were forced to interpret the King's decree into I" in a somewhat iudirect fashion.

Now, if we read Eg(x) as the definition of T, then we find that the definition is circular, since in
order that I' may be definable by Eq(x) it is necessary that B, (S;n) are already defined, whereas

B (S;n) are defined in terms of T in Eqs(n,{,n). So, we will treat these equations as a system z
=~ {Ea(n,i,n) In €Iy, { € (k), n €T}y {Egx)} of equations with the unknowns {Bp(Sm) I n €

[lg, t€(k), neT}and . We will solve Z under the following conditions:
(s)  Forany n e I, Tu{n} is consistent.
(»#)  For any n ¢ Iy and $;n, B (3;n) is a knowledge base for S;n.

We think these conditions are natural in view of the intended meanings of T and B, (Sn).

Let us define a norm on £ = {:t}" by el = |{i | & = +}|, where €= €} ... €. Forany e= ¢ ...
eg € Eandisl,..., &, weput

el)mep gty gy
Sed) = ep o Gog=Ca e R

ol i WA i i e e e e e 2 S = T e e R A PR s e e s 5o ey 3
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and for any n = n(¢) € [I, we put

n(+f) = n(e(+1)) ,
n(-1) = n(e(-1)) .

We also put Zg = E-{0} = E~{-...-}.
We define a KT5-model M = <Eg; r, v> as follows:

(i) (€,6) € r(S;,n) iff
(a)em b
or
(b) e®8 = +...4=+...+ and n < Jll+i)]| = B+l
(7T

(il) (€,8) € r(0,n) iff
(c)ea=bd
or
(d) n < max{liel+)]l | 1 € (k)} and n < max{|B(+)l | § € (R)} .

(ii1) cevp) iff =+
(iv) u(l) = 0.

Then we have the following theorem.

Theorem 8. Under the conditions («) and (es), Z has the unique solution «En(s,n», f‘>, where
the solution is characterized by the condition:

Boef(Sin) F o if and only if € = [S;nla (in M)

Thus we have seen that I may be regarded as the formal counterpart of the King's decree in our
formal system. The puzzle is then reduced to the problem of showing that:

(P I liel = n and ¢ = +, then Bygy(S;n) b p, and By o(Syn-1) ¥ py.
We note that we can moreover prove the following:
(Po) If llcll = n and € =~ , then By(o(S;n+1) F pyand Bpey(Syn) ¥ pf

It is clear that (P |) and (PQ) follow at once from the condition stated in Theorem 8.
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